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Abstract
This paper is concerned with the problem of uniformly loaded bars in strain gradient
elasticity. We study the deformation of an isotropic chiral bar subjected to body
forces, to tractions on the lateral surface and to resultant forces and moments on
the ends. Examples of chiral materials include some auxetic materials, bones, some
honeycomb structures, as well as composites with inclusions. The three-dimensional
problem is reduced to the study of some generalized plane strain problems. The
method is used to study the deformation of a uniformly loaded circular cylinder.
New chiral effects are presented. The flexure of a chiral cylinder, in contrast with
the case of achiral materials, is accompanied by extension and bending. The salient
feature of the solution is that a uniform pressure acting on the lateral surface of a
chiral circular elastic cylinder produces a twist around its axis.
Key words: Strain gradient elasticity, Chiral materials, Uniformly loaded bars,
Flexure of the chiral bars, Circular cylinders
1 Introduction
The mechanical behaviour of chiral materials is of interest for the investigation
of carbon nanotubes (see, e.g., Wang and Wang, 2007; Chandraseker et al.
2009; Askes and Aifantis, 2009; Zhang et al. 2010), auxetic materials (Spadoni
and Ruzzene, 2012) and bones (Lakes et al. 1983; Park et al. 1986). The
chiral effects cannot be described within classical elasticity (Lakes, 2001). The
strain gradient theory of elasticity (Toupin, 1962; Mindlin, 1964; Mindlin and
Eshel, 1968) is adequate to describe the deformation of chiral elastic solids
(Papanicolopulos, 2011 and references therein).
In this paper we study the deformation of a homogeneous and isotropic chiral
bar in the framework of the strain gradient elasticity. Mindlin (1964) pre-
sented three forms of the strain gradient elasticity. The relations among the
three forms have been presented by Mindlin and Eshel (1968). Throughout
this paper we will use the first form of the strain gradient elasticity. The three
forms of the theory lead to the same displacement equations of motion for
isotropic solids. The constitutive equations of isotropic chiral elastic solids
in the strain gradient theory of elasticity have been established by Papani-
colopulos (2011). In the present paper we consider the equilibrium of a right
cylinder which is subjected to tractions on the lateral surface, to body forces,
and to resultants forces and moments on the ends. We assume that the body
forces and the lateral tractions are independent of the axial coordinate. The
three-dimensional problem is reduced to the study of some two-dimensional
problems. The paper is structured as follows. First, we present the basic equa-
tions of isotropic chiral elastic solids and formulate the problem of uniformly
loaded cylinders. Then, we define the generalized plane strain problem and
introduce four auxiliary plane problems necessary to investigate the deforma-
tion of loaded cylinders. In the following section we establish the solution of
the problem of uniformly loaded bar. In the classical elasticity this problem
is known as Almansi-Michell problem and was studied in various works (Kha-
tiashvili, 1983; Ies¸an and Quintanilla, 2007; Ies¸an, 2009). We show that the
body forces and the tractions on the lateral surface produce extension, torsion,
flexure, bending by terminal couples and a plane strain. The solution is used
to study the deformation of a circular cylinder. We present new chiral effects.
It is shown that the flexure of a chiral cylinder, in contrast with the case of
achiral bars, is accompanied by extension and bending. The salient feature of
the solution is that a uniform pressure acting on the lateral surface of a chiral
circular cylinder produces a twist around its axis.
2 Basic equations
In this section we present the basic equation of isotropic chiral elastic solids in
the first strain-gradient theory and the formulation of the problem of uniformly
loaded cylinders. We consider a body that in undeformed state occupies the
region B of euclidean three-dimensional space and is bounded by the surface
∂B. We refer the deformation of the body to a fixed system of rectangular
axes Oxk, (k = 1, 2, 3). Let n be the outward unit normal of ∂B. Letters in
boldface stand for tensors of an order p ≥ 1, and if v has the order p, we
write vij...k (p subscripts) for the components of v in the Cartesian coordinate
system. We shall employ the usual summation and differentiation conventions:
Latin subscripts (unless otherwise specified) are understood to range over the
integers (1, 2, 3), whereas Greek subscripts to the range (1, 2), summation over
repeated subscripts is implied and subscripts preceded by a comma denote
partial differentiation with respect to the corresponding Cartesian coordinate.
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We assume that B is a bounded region with Lipschitz boundary ∂B, consist-
ing of a finite number of smooth surfaces. Let Γp be the intersection of two
adjoined smooth surfaces and C = ∪Γp. We assume that B is occupied by
a homogeneous and isotropic chiral elastic solid. Let u be the displacement
vector field. The strain measures are given by (Mindlin and Eshel, 1968)
eij =
1
2
(ui,j + uj,i), κijk = uk,ij. (1)
The constitutive equations for isotropic chiral elastic solids are (Mindlin and
Eshel, 1968; Papanicolopulos, 2011).
τij = λerrδij + 2µeij + f(εikmκjkm + εjkmκikm),
µijk =
1
2
α1(κrriδjk + 2κkrrδij + κrrjδik)+
+ α2(κirrδjk + κjrrδik) + 2α3κrrkδij+ (2)
+ 2α4κijk + α5(κkji + κkij) + f(εiksejs + εjkseis),
where τij is the stress tensor, µijk is the double stress tensor, δij is the Kro-
necker delta, εijk is the alternating symbol and λ, µ, αs, (s = 1, 2, . . . , 5), and f
are constitutive constants. The terms from (2) which contain the coefficient f
represent the chiral part of the constitutive equations. The constitutive equa-
tions for chiral solids have been established by Papanicolopulos (2011). In the
case of a centrosymmetric (achiral) material the coefficient f is equal to zero.
The equilibrium equations are
τji,j − µsji,sj + Fi = 0, (3)
where Fi is the body force per unit volume. Following Toupin (1962) and
Mindlin (1964) we introduce the functions Pi, Ri and Qi by
Pi = (τki − µrki,r)nk −Dj(nrµrji) + (Dknk)nsnpµspi, (4)
Ri = µrsinrns, Qi = 〈µpjinpnq〉εjrqsr,
where Di are the components of the surface gradient, Di = (δik−nink)∂/∂xk ,
sk are the components of the unit vector tangent to C, and 〈g〉 denotes the
difference of limits of g from both sides of C. We denote by B the closure
of B. We say that the vector field uj is an admissible displacement field on
B provided uj ∈ C
4(B). An admissible system of stresses on B is an ordered
array of function (τij , µpqr) with the following properties: (i) τij ∈ C
1(B), µijk ∈
C2(B); (ii) τij = τji, µijk = µjki. By an admissible state on B we mean an
ordered array of fields A = (ui, eij, κijk, τij , µijk) with the properties: (i) ui is an
admissible displacement field on B; (ii) eij ∈ C
1(B), κijk ∈ C
2(B), eij = eji,
κijk = κjik; (iii) (τij , µijk) is an admissible system of stresses on B. By an
external data system on B we mean an ordered array L = (Fi, P˜i, R˜i, Q˜i) with
the properties: (i) Fi is continuous on B; (ii) P˜i and R˜i are piecewise regular on
3
∂B; (iii) Q˜i is piecewise regular on C. We say that A = (ui, eij, κijk, τij , µijk) is
an elastic state corresponding to the body force Fk if A is an admissible state
that satisfies the equations (1)-(3) on B. The traction problem of elastostatics
consists in finding an elastic state that corresponds to the body force Fi and
satisfies the boundary conditions
Pi = P˜i, Ri = R˜i on ∂B\C, Qi = Q˜i on C, (5)
where P˜i, R˜i and Q˜i are prescribed functions.
The potential energy density for isotropic chiral materials is given by
W =
1
2
λerrejj + µeijeij + α1κiikκkjj+ (6)
+ α2κijjκirr + α3κiirκjjr + α4κijkκijk + α5κijkκkji + 2fεikmeijκkjm.
In what follows we assume that the elastic potential is a positive definite
quadratic form in the variables eij and κijk. The restrictions imposed by this
assumption on the constitutive coefficients have been presented by Mindlin
and Eshel (1968) and Papanicolopulos (2011). The necessary and sufficient
conditions for the existence of a solution of the traction problem are (Hlavacek
and Hlavacek, 1969)
∫
B
Fidv +
∫
∂B
P˜ida+
∫
C
Q˜ids = 0, (7)∫
B
εijkxjFkdv +
∫
∂B
εijk(xjP˜k + njR˜k)da+
∫
C
εijkxjQ˜kds = 0.
We assume that the region B from here on refers to the interior of a right
cylinder of length h with the cross-section Σ and the lateral boundary Π. Let
Γ be the boundary of Σ. The Cartesian coordinate frame is supposed to be
chosen in such a way that x3-axis is parallel to the generators of B and the
x1Ox2 plane contains one of terminal cross-sections. We denote by Σ1 and Σ2,
respectively, the cross-section located at x3 = 0 and x3 = h. We denote by
Γα the boundary of the cross-section Σα. We assume that the lateral surface
Π is smooth, so that Qi is equal to zero on Π. We shall use Saint-Venant’s
approach of the problem of elastic cylinders which is based on a relaxed state-
ment in which the pointwise assignment of the terminal tractions is replaced
by prescribing the corresponding resultant force and resultant moment. We
assume that the cylinder is subjected to body forces, to tractions on the lat-
eral surface and to appropriate global conditions on the ends. The conditions
on the lateral boundary are
Pi = P˜i, Ri = R˜i on Π. (8)
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Let F = (F1,F2,F3) and M = (M1,M2,M3) be prescribed vectors repre-
senting the resultant force and the resultant moment about O of the tractions
acting on Σ1. On Σ2 there are tractions applied so as to satisfy the equilibrium
conditions of the body. For the end located at x3 = 0 we have the following
conditions ∫
Σ1
Pαda+
∫
Γ1
Qαds = Fα, (9)∫
Σ1
P3da+
∫
Γ1
Q3ds = F3, (10)∫
Σ1
(xαP3 +Rα)da+
∫
Γ1
xαQ3ds = εβα3Mβ, (11)∫
Σ1
εαβ3xαPβda+
∫
Γ1
εαβ3xαQβds =M3. (12)
In the theory of uniformly loaded bars the loads Fi, P˜i and R˜i are prescribed
functions which are independent of the axial coordinate,
Fj,3 = 0, P˜j,3 = 0, R˜j,3 = 0. (13)
The problem of uniformly loaded bars consists in finding the functions ui
which satisfy Eqs. (1)-(3) on B , the conditions (8) on the lateral surface, and
the conditions (9)-(12) on the end Σ1, when the functions Fi, P˜i, R˜i and the
constants Fj, Mj , λ, µ, αs, (s = 1, 2, . . . , 5), and f are given.
3 Preliminaries
In this section we define the generalized plane strain of the cylinder B and
introduce four auxiliary plane problems necessary to investigate the problem
of uniformly loaded bars. Let A = (ui, eij , κijk, τij , µijk) be an elastic state on
the cylinder B. Then A is a state of generalized plane strain provided
ui = ui(x1, x2), (x1, x2) ∈ Σ. (14)
The relations (1), (2) and (19) imply that eij, κijk, τij and µijk are all indepen-
dent of the axial coordinate. The strain measures (1) reduce to
2eαβ = uα,β + uβ,α, 2eα3 = u3,α, καβj = uj,αβ (15)
and e33 = 0, κk3i = 0. The constitutive equations become
ταβ = λeρρδaβ + 2µeαβ + f(εαρ3κβρ3 + εβρ3καρ3),
τα3 = 2µeα3 + fερβ3καρβ,
µαβγ =
1
2
α1(κρραδβγ + 2κγρρδαβ + κρρβδαγ)+
5
+ α2(καρρδβγ + κβρρδαγ) + 2α3κρργδαβ+ (16)
+ 2α4καβγ + α5(κγβα + κγαβ) + f(εαγ3eβ3 + εβγ3eα3),
µαβ3 = 2α3κρρ3δαβ + 2α4καβ3 + f(ερα3eβρ + ερβ3eαρ),
and
τ33 = λeρρ, µ3αβ =
1
2
α1κρρ3δαβ + α5κβα3 + fεβρ3eαρ,
µ3α3 =
1
2
α1κρρα + α2καρρ + fερα3e3ρ,
µ33α = α1καρρ + 2α3κρρα + 2fεαρ3e3ρ, µ333 = (α1 + 2α3)κρρ3.
The equations of equilibrium reduce to
τβj,β − µρνj,ρν + Fj = 0 on Σ. (17)
It follows from (4) that in the case of a generalized plane strain we have the
following relations on the lateral surface Π
Pi = (τβi − µρβi,ρ)nβ −Dρ(nβµβρi) + (Dρnρ)nβnνµβνi,
Ri = µρνinρnν . (18)
The conditions on the lateral surface reduce to
Pi = P˜i, Ri = R˜i on Γ1. (19)
The generalized plane strain problem consists in finding an elastic state on
B which satisfies the geometrical equations (15), the constitutive equations
(16) and the equilibrium equations (17) on Σ, and the boundary conditions
(19) on Γ. We assume that Fi, P˜i and R˜i are functions of class C
∞, and that
Σ is C∞-smooth. The functions τ33, µ3βi and µ33i can be determined after
the displacement field is found. In view of (15) and (16), the equations of
equilibrium (17) can be expressed in terms of the functions uk in the form
µ∆uα + (λ+ µ)uβ,βα − 2(α3 + α4)∆∆uα−
− 2(α1 + α2 + α5)∆uβ,βα + 2fεαβ3∆u3,β + Fα = 0, (20)
µ∆u3 − 2(α3 + α4)∆∆u3 + 2fερν3∆uν,ρ + F3 = 0, on Σ,
where ∆ is the Laplacian operator. By using the results presented by Hlavacek
and Hlavacek (1969) we can show that the generalized plane strain problem
has a solution if and only if
∫
Σ
Fkda+
∫
Γ
P˜kds = 0,∫
Σ
ε3αβxαFβda+
∫
Γ1
ε3αβ(xαP˜β + nαR˜β)ds = 0. (21)
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In what follows we will use four special problems of generalized plane strain,
denoted by A(k), (k = 1, 2, 3, 4). In the problem A(1) the external data system
is (F
(1)
i , P˜
(1)
i , R˜
(1)
i ) where
F
(1)
i = λδ1i, P˜
(1)
1 = −λx1n1 + (α1 − 2α2)ε3αν(n1n2),νnα,
P˜
(1)
2 = −λx1n2 +
1
2
(α1 − 2α2)ε3αν(n
2
1 − n
2
2),αnν ,
P˜
(1)
3 = 2fn2, R˜
(1)
1 = 2α3 − α1 + (α1 − 2α2)n
2
1, (22)
R˜
(1)
2 = (α1 − 2α2)n1n2, R˜
(1)
3 = 0.
The problem A(2) is characterized by the following loading
F
(2)
i = λδ2i, P˜
(2)
1 = −λx2n1 +
1
2
(α1 − 2α2)ε3αν(n
2
1 − n
2
2),αnν ,
P˜
(2)
2 = −λx2n2 + (α1 − 2α2)ε3αν(n1n2),νnα, P˜
(2)
3 = −2fn1, (23)
R˜
(2)
1 = (α1 − 2α2)n1n2, R˜
(2)
2 = 2α3 − α1 + (α1 − 2α2)n
2
2, R˜
(2)
3 = 0.
In the problem A(3) the body force and the boundary data are given by
F
(3)
i = 0, P˜
(3)
α = −λnα, P˜
(3)
3 = 0, R˜
(3)
i = 0. (24)
The problem A(4) corresponds to the following external data
F
(4)
i = 0, P˜
(4)
1 =
1
2
f [5n1 +D1(x2n2) +D2(x2n1 − 2x1n2)−
− 2(x2n1n2 − x1n
2
2)(Dρnρ)], (25)
P˜
(4)
2 =
1
2
f [5n2 +D1(x1n2 − 2x2n1) +D2(x1n1)−
− 2(x1n1n2 − x2n
2
1)(Dρnρ)], P˜
(4)
3 = µε3βρxρnβ,
R˜
(4)
1 = f(x1n
2
2 − x2n1n2), R˜
(4)
2 = f(x2n
2
1 − x1n1n2), R˜
(4)
3 = 0.
The necessary and sufficient conditions (21) for the existence of the solution
are satisfied for each boundary value problem A(k), (k = 1, 2, 3, 4). We de-
note by u
(k)
i , e
(k)
ij , κ
(k)
pqr, τ
(k)
ij and µ
(k)
pqr the displacement, the strain measures, the
stress tensor and the double stress tensor in the problem A(k), (k = 1, 2, 3, 4),
respectively. Let us introduce the notations
P
(k)
i = (τ
(k)
βi − µ
(k)
ρβi,ρ)nβ −Dρ(nβµ
(k)
βρi) + (Dρnρ)µ
(k)
βνinβnν ,
R
(k)
i = µ
(k)
ρνinρnν . (26)
Clearly, the functions u
(k)
i , e
(k)
ij , κ
(k)
pqr, τ
(k)
ij and µ
(k)
pqr satisfy the geometrical equa-
tions
2e
(k)
αβ = u
(k)
α,β + u
(k)
β,α, 2e
(k)
α3 = u
(k)
3,α, κ
(k)
αβj = u
(k)
j,αβ, (27)
the constitutive equations
τ
(k)
αβ = λe
(k)
ρρ δαβ + 2µe
(k)
αβ + f(εαρ3κ
(k)
βρ3 + εβρ3κ
(k)
αρ3),
τ
(k)
α3 = 2µe
(k)
α3 + fερβ3κ
(k)
αρβ ,
µ
(k)
αβγ =
1
2
α1(κ
(k)
ρραδβγ + 2κ
(k)
γρρδαβ + κ
(k)
ρρβδαγ)+ (28)
+ α2(κ
(k)
αρρδβγ + κ
(k)
βρρδαγ) + 2α3κ
(k)
ρργδαβ+
+ 2α4κ
(k)
αβγ + α5(κ
(k)
γβα + κ
(k)
γαβ) + f(εαγ3e
(k)
β3 + εβγ3e
(k)
α3 ),
µ
(k)
αβ3 = 2α3κ
(k)
ρρ3δαβ + 2α4κ
(k)
αβ3 + f(ερα3e
(k)
βρ + ερβ3e
(k)
αρ ),
and the equilibrium equations
τ
(k)
βj,β − µ
(k)
ρνj,ρν + F
(k)
j = 0, (29)
on Σ, and the boundary conditions
P
(k)
i = P˜
(k)
i , R
(k)
i = R˜
(k)
i on Γ1, (30)
where F
(k)
i , P˜
(k)
i and R˜
(k)
i , (k = 1, 2, 3, 4) are defined by (22)-(25).
We have introduced the auxiliary plane problems A(k), (k = 1, 2, 3, 4), in
this section in order to simplify the presentation of the method. In fact, we
have obtained these problems when we have imposed that the equations of
equilibrium (3) and the boundary conditions (8) be satisfied by the stress
tensor and the double stress tensor given by (37) and (39). If we impose that
the coefficients of the constants ak which appear in the equilibrium equations
and boundary conditions be equal to zero, then we obtain the body forces and
the boundary data that characterize the problems A(k).
4 Solution of the problem
In this section we present the solution to the problem of uniformly loaded
cylinders. It is known (Ies¸an, 1986a; Ies¸an, 2009) that the solution of the
problem of extension, bending and torsion can be found in the class of dis-
placement vector fields u with the property that u,3 is a rigid displacement.
The solution u of the flexure problem has the property that u,3 is a solution
of a problem of extension, bending and torsion. The solution of the problem
of uniformly loaded cylinders can be found in the class of displacement vector
fields u with the property that u,3 is a solution of Saint-Venant’s problem
(Ies¸an, 1986b). This result has been established in the classical theory but it
also holds in the theory of elastic solids with microstructure (Ies¸an, 2009). We
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seek the solution of the problem formulated in Section 2 in the form
uα = −
1
2
aαx
2
3 −
1
6
bαx
3
3 −
1
24
cαx
4
3 + ε3βα(a4x3 +
1
2
b4x
2
3 +
1
6
c4x
3
3)xβ
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)u
(k)
α + wα(x1, x2) + x3vα(x1, x2), (31)
u3 = (a1x1 + a2x2 + a3)x3 +
1
2
(b1x1 + b2x2 + b3)x
2
3 +
1
6
(c1x1 + c2x2 + c3)x
3
3
+
4∑
s=1
(as + bsx3 +
1
2
csx
2
3)u
(s)
3 + w3(x1, x2) + x3v3(x1, x2),
where u
(k)
i are the displacement in the problem A
(k), wj and vj are unknown
functions, and ak, bk and ck, (k = 1, 2, 3, 4), are unknown constants. Let us
note that the displacement vector u given by (31) has the property that its
partial derivative of third order with respect to axial coordinate is a rigid
displacement.
We denote by γij and ηαβk the strain measures in the generalized plane strain
corresponding to the displacement wj,
γαβ =
1
2
(wα,β + wβ,α), 2γα3 = w3,α, ηαβk = wk,αβ. (32)
Let us consider a generalized plane strain in which the components of dis-
placement vector are the functions vk. The strain measures in this problem
are defined by
ξαβ =
1
2
(vα,β + vβ,α), 2ξα3 = v3,α, ζαβk = vk,αβ. (33)
It follows from (1) and (31)-(33) that
eαβ =
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)e
(k)
αβ + γαβ + x3ξαβ,
eα3 =
1
2
ε3βα(a4 + b4x3 +
1
2
c4x
2
3)xβ +
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)e
(k)
3α
+ γα3 + x3ξα3 +
1
2
4∑
k=1
(bk + ckx3)u
(k)
α +
1
2
vα,
e33 = a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3 +
1
2
(c1x1+
+ c2x2 + c3)x
2
3 +
4∑
k=1
(bk + ckx3)u
(k)
3 + v3,
καβγ =
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)κ
(k)
αβγ + ηαβγ + x3ζαβγ , (34)
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καβ3 =
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)κ
(k)
αβ3 + ηaβ3 + x3ζαβ3,
κβ3α = ε3βα(a4 + b4x3 +
1
2
c4x
2
3) +
4∑
k=1
(bk + ckx3)u
(k)
α,β + vα,β,
κα33 = aα + bαx3 +
1
2
cαx
2
3 +
1
2
4∑
k=1
(bk + ckx3)e
(k)
α3 +
1
2
ξα3,
κ33α = −aα − bαx3 −
1
2
cαx
2
3 + ε3βα(b4 + c4x3)xβ +
4∑
k=1
cku
(k)
α ,
κ333 = b1x1 + b2x2 + b3 + (c1x1 + c2x2 + c3)x3 +
4∑
k=1
cku
(k)
3 .
We introduce the notations
tαβ = λγρρδαβ + 2µγαβ + f(εαρ3ηβρ3 + εβρ3ηαρ3),
tα3 = 2µγα3 + fερβ3ηαρβ , t33 = λγρρ,
ναβγ =
1
2
α1(ηρραδβγ + 2ηγρρδαβ + ηρρβδαγ)+
+ α2(ηαρρδβγ + ηβρρδαγ) + 2α3ηρργδαβ + 2α4ηαβγ+ (35)
+ α5(ηγβα + ηγαβ) + f(εαγ3γβ3 + εβγ3γα3),
ναβ3 = 2α3ηρρ3δαβ + 2α4ηαβ3 + f(ερα3γβρ + ερβ3γαρ),
να33 =
1
2
α1ηρρα + α2ηαρρ + fε3ραγ3ρ,
ν33α = α1ηαρρ + 2α3ηρρα + 2fε3αργ3ρ,
να3β =
1
2
α1ηρρ3 + α5ηβα3 + fε3βργαρ, ν333 = (α1 + 2α3)ηρρ3.
Clearly, tij and νijk are the stress and the double stress tensors in the gener-
alized plane strain characterized by the displacements wk. The stress tensor
and the double stress tensor corresponding to the strain measures ξij and ζijk
are defined by
sαβ = λξρρδαβ + 2µξαβ + f(εαρ3ζβρ3 + εβρ3ζαρ3),
sα3 = 2µξα3 + fερβ3ζαρ3, s33 = λξρρ,
mαβγ =
1
2
α1(ζρραδβγ + 2ζγρρδαβ + ζρρβδαγ)+
+ α2(ζαρρδβγ + ζβρρδαγ) + 2α3ζρργδαβ + 2α4ζαβγ+
+ α5(ζγβα + ζγαβ) + f(εαγ3ξβ3 + εβγ3ξα3), (36)
mαβ3 = 2α3ζρρ3δαβ + 2α4ζαβ3 + f(ερα3ξβρ + ερβ3ξαρ),
mα33 =
1
2
α1ζρρα + α2ζαρρ + fε3ραξ3ρ,
m33α = α1ζαρρ + α2ζρρα + 2fε3αρξ3ρ,
mα3β =
1
2
α1ζρρ3 + α5ζβα3 + fε3βρξαρ, m333 = (α1 + 2α3)ζρρ3.
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It follows from the constitutive equations (2) and the relations (32)-(36) that
the stress tensor τij is given by
ταβ = tαβ + x3sαβ + {λ[a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3+
+
1
2
(c1x1 + c2x2 + c3)x
2
3]− 2f(a4 + b4x3 +
1
2
c4x
2
3)}δαβ+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)τ
(k)
αβ + Tαβ + x3Sαβ ,
τα3 = tα3 + x3sα3 + 2fεαρ3(aρ + bρx3 +
1
2
cρx
2
3)+
+ µε3βα(a4 + b4x3 +
1
2
c4x
2
3)xβ+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)τ
(k)
α3 + Tα3 + x3Sα3, (37)
τ33 = t33 + x3s33 + (λ+ 2µ)[a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3+
+
1
2
(c1x1 + c2x2 + c3)x
2
3] + 4f(a4 + b4x3 +
1
2
c4x
2
3)+
+ λ
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)u
(k)
ρ,ρ + T33 + x3S33,
where
Tαβ = f [ε3ραvρ,β + ε3ρβvρ,α +
4∑
k=1
bk(ε3ραu
(k)
ρ,β + ε3ρβu
(k)
ρ,α)],
Sαβ = f
4∑
k=1
ck(ε3ραu
(k)
ρ,β + ε3ρβu
(k)
ρ,α),
Tα3 = µ(vα +
4∑
k=1
bku
(k)
α ) + fεαρ3[v3,ρ +
4∑
k=1
(bku
(k)
3,ρ − cku
(k)
ρ )]− fb4xα, (38)
Sα3 = µ
4∑
k=1
cku
(k)
α + fεαρ3
4∑
k=1
cku
(k)
3,ρ − fc4xα,
T33 = (λ+ 2µ)(v3 +
4∑
k=1
bku
(k)
3 ) + 2fε3αβ(vα,β +
4∑
k=1
bju
(k)
α,β),
S33 = (λ+ 2µ)
4∑
k=1
cku
(k)
3 + 2fε3αβ
4∑
k=1
cku
(k)
α,β.
The double stress tensor has the following components
µ111 = ν111 + x3m111 + 2(α2 − α3)(a1 + b1x3 +
1
2
c1x
2
3)+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
111 +N111 + x3M111,
µ222 = ν222 + x3m222 + 2(α2 − α3)(a2 + b2x3 +
1
2
c2x
2
3)+
11
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
222N222 + x3M222,
µ221 = ν221 + x3m221 + (α1 − 2α3)(a1 + b1x3 +
1
2
c1x
2
3)−
− f(a4 + b4x3 +
1
2
c4x
2
3)x1+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
221 +N221 + x3M221,
µ112 = ν112 + x3m112 + (α1 − 2α3)(a2 + b2x3 +
1
2
c2x
2
3)−
− f(a4 + b4x3 +
1
2
c4x
2
3)x2+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
112 +N112 + x3M112,
µ121 = ν121 + x3m121 +
1
2
(2α2 − α1)(a2 + b2x3 +
1
2
c2x
2
3)+
+
1
2
f(a4 + b4x3 +
1
2
c4x
2
3)x2+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
121 +N121 + x3M121,
µ122 = ν122 + x3m122 +
1
2
(2α2 − α1)(a1 + b1x3 +
1
2
c1x
2
3)+
+
1
2
f(a4 + b4x3 +
1
2
c4x
2
3)x1+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
122 +N122 + x3M122,
µρ33 = νρ33 + x3mρ33 +
1
2
(2α2 − α1 + 4α4)(aρ + bρx3 +
1
2
cρx
2
3)−
−
1
2
f(a4 + b4x3 +
1
2
c4x
2
3)xρ+ (39)
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
ρ33 +Nρ33 + x3Mρ33,
µ33ρ = ν33ρ + x3m33ρ + (α1 − 2α3 − 2α4 + 2α5)(aρ + bρx3 +
1
2
cρx
2
3)+
+ f(a4 + b4x3 +
1
2
c4x
2
3)xρ+
+
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)µ
(k)
33ρ +N33ρ + x3M33ρ,
µα3β = να3β + x3mα3β + (2α4 − α5)(a4 + b4x3 +
1
2
c4x
2
3)εαβ3+
+ f [a1x1 + a2x2 + a3 + (b1x1 + b2x2 + b3)x3+
+
1
2
(c1x1 + c2x2 + c3)x
2
3]εαβ3+
12
+
4∑
k=1
(ak + bkx3 +
1
2
cjx
2
3)µ
(k)
α3β +Nα3β + x3Mα3β ,
µαβ3 = ναβ3 + x3mαβ3 +
4∑
k=1
(ak + bkx3+
+
1
2
ckx
2
3)µ
(k)
αβ3 +Naβ3 + x3Mαβ3,
µ333 = ν333 + x3m333 + (α1 + 2α3)
4∑
k=1
(ak + bkx3 +
1
2
ckx
2
3)κ
(k)
333 +N333 + x3M333,
where we have used the notations
N111 = (α1 + 2α3)(
4∑
k=1
cku
(k)
1 − b4x2) + (α1 + 2α2)(v3,1 +
4∑
k=1
bku
(k)
3,1),
M111 = −(α1 + 2α3)c4x2 + (α1 + 2α2)
4∑
k=1
cku
(k)
3,1,
N222 = (α1 + 2α3)(b4x1 +
4∑
k=1
cku
(k)
2 ) + (α1 + 2α2)(v3,2 +
4∑
k=1
bku
(k)
3,2),
M222 = (α1 + 2α3)c4x1 + (α1 + 2α2)
4∑
k=1
cku
(k)
3,2,
N221 = 2α3(
4∑
k=1
cku
(k)
1 − b4x2) + α1(v3,1 +
4∑
k=1
bku
(k)
3,1)− f(v2 +
4∑
k=1
bku
(k)
2 ),
M221 = α1
4∑
k=1
cku
(k)
3,1 − 2α3c4x2 − f
4∑
k=1
cku
(k)
2 ,
N112 = α1(v3,2 +
4∑
k=1
bku
(k)
3,2) + 2α3(b4x1 +
4∑
k=1
bku
(k)
1 )+
+ f(v1 +
4∑
k=1
bku
(k)
1 ),
M112 = α1
4∑
k=1
cku
(k)
3,2 + 2α3c4x1 + f
4∑
k=1
cku
(k)
1 ,
N121 =
1
2
α1(b4x1 +
4∑
k=1
cku
(k)
2 ) + α2(v3,2 +
4∑
k=1
bku
(k)
3,2)− (40)
−
1
2
f(v1 +
4∑
k=1
bku
(k)
1 ),
M121 =
1
2
α1c4x1 + α2
4∑
k=1
cku
(k)
3,2 −
1
2
f
4∑
k=1
cku
(k)
1 ,
N122 =
1
2
α1(
4∑
k=1
cku
(k)
1 − b4x2) + α2(v3,1 +
4∑
k=1
bku
(k)
3,1)+
13
+
1
2
f(v2 +
4∑
k=1
bku
(k)
2 ),
M122 = −
1
2
α1c4x2 + α2
4∑
k=1
cku
(k)
3,1 +
1
2
f
4∑
k=1
cku
(k)
2 ,
Nρ33 =
1
2
(α1 + 2α5)(
4∑
k=1
cku
(k)
ρ − ε3ρβb4xβ)+
+ (α2 + 2α4 + α5)(v3,ρ +
4∑
k=1
bku
(k)
3,ρ) +
1
2
fε3ρβ(vβ +
4∑
k=1
bku
(k)
β ),
Mρ33 = −
1
2
(α1 + 2α5)ε3ρβc4xβ + (α2 + 2α4 + α5)
4∑
k=1
cku
(k)
3,ρ+
+
1
2
fε3ρβ
4∑
k=1
cku
(k)
β ,
N33ρ = 2(α3 + α4)(
4∑
k=1
cku
(k)
ρ − ε3ρβb4xβ) + (α1 + 2α5)(v3,ρ +
4∑
k=1
bku
(k)
3,ρ)+
+ fε3ρβ(vβ +
4∑
k=1
bku
(k)
β ),
M33ρ = −2(α3 + α4)ε3ρβc4xβ + (α1 + 2α5)
4∑
k=1
cku
(k)
3,ρ+
+ fε3ρβ
4∑
k=1
cku
(k)
β ,
Nα3β = 2α4(vβ,α +
4∑
k=1
bku
(k)
β,α) + α5(vα,β +
4∑
k=1
bku
(k)
α,β)+
+ δaβ [
1
2
(α1 + 2α2)(b1x1 + b2x2 + b3 +
4∑
k=1
cku
(k)
3 )+
+ α2(vρ,ρ +
4∑
k=1
bku
(k)
ρ,ρ)] + f(v3 +
4∑
k=1
bku
(k)
3 )εαβ3,
Mα3β =
4∑
k=1
ck[2α4u
(k)
β,α + α5u
(k)
α,β + α2δαβu
(k)
ρ,ρ+
+ fεαβ3u
(k)
3 ] +
1
2
(α1 + 2α2)δαβ(c1x1 + c2x2 + c3),
Nαβ3 = δαβ [(α1 + 2α3)(b1x1 + b2x2 + b3 +
4∑
k=1
cku
(k)
3 )+
+ α1(vρ,ρ +
4∑
k=1
bku
(k)
ρ,ρ)] + 2α5(ξαβ +
4∑
k=1
bke
(k)
αβ ),
Mαβ3 = (α1 + 2α3)δαβ(c1x1 + c2x2 + c3)+
+
4∑
k=1
ck[(α1 + 2α3)δaβu
(k)
3 + α1δαβu
(k)
ρ,ρ + 2α5e
(k)
αβ ],
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N333 = 2(α1 + α2 + α3 + α4 + α5)(b1x1 + b2x2 + b3 +
4∑
k=1
cku
(k)
3 )+
+ (α1 + 2α2)(vρ,ρ +
4∑
k=1
cku
(k)
ρ,ρ),
M333 = 2(α1 + α2 + α3 + α4 + α5)(c1x1 + c2x2 + c3) + (α1 + 2α2)
4∑
k=1
cku
(k)
ρ,ρ.
We introduce the functions G
(0)
j and G
(1)
j by
G(0)α = Fα + Tβα,β −Nρηα,ρη − 2M3ρα,ρ + Sα3
−
4∑
k=1
(2bkµ
(k)
3ρα,ρ − bkτ
(k)
α3 + ckµ
(k)
33α)
+ 4fε3αβbβ + µε3ραxρb4 − (α1 − 2α3 − 2α4 + 2α5)cα (41)
− fc4xα + sα3 − 2m3ρα,ρ,
G
(0)
3 = F3 + Tβ3,β −Nρη3,ρη − 2Mρ33,ρ + S33
+
4∑
k=1
[λbku
(k)
ρ,ρ − 2bkµ
(k)
ρ33,ρ − (α1 + 2α3)ckκ
(k)
333]
+ (λ+ 2µ)(b1x1 + b2x2 + b3) + 6fb4 + s33 − 2mρ33,ρ
and
G(1)α = Sβα,β −Mρηα,ρη + 4fεαρ3cρ − µεαρ3c4xρ+
+
4∑
k=1
ck(τ
(k)
α3 − 2µ
(k)
ρ3α,ρ), (42)
G
(1)
3 = Sρ3,ρ −Mρη3,ρη + (λ+ 2µ)(c1x1 + c2x2 + c3) + 6fc4+
+
4∑
k=1
ck(λu
(k)
ρ,ρ − 2µ
(k)
ρ33,ρ).
With the help of relations (29), (37), (39), (41) and (42) we find that the
equilibrium equations (3) reduce to the following equations
tβj,β − νρηj,ρη +G
(0)
j = 0 on Σ (43)
and
sβj,β −mρηj,ρη +G
(1)
j = 0 on Σ. (44)
Let us introduce the notations
Π
(0)
j = (tβj − νρβj,ρ)nβ −Dη(nρνρηj) + (Dνnν)nρnηνρηj ,
Π
(1)
j = (sβj −mρβj,ρ)nβ −Dη(nρmρηj) + (Dνnν)nρnηmρηj , (45)
Λ
(0)
j = νρηjnρnη, Λ
(1)
j = mρηjnρnη
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and
H
(0)
j = (Tβj −Nρβj,ρ)nβ −Dη(nρNρηj) + (Dνnν)nρnηNρηj ,
H
(1)
j = (Sβj −Mρβj,ρ)nβ −Dη(nρMρηj) + (Dνnν)nρnηMρηj , (46)
L
(0)
j = Nρηjnρnη, L
(1)
j = Mρηjnρnη.
If we take into account the relations (30), (37) and (39) then we see that the
conditions on the lateral surface (8) reduce to
Π
(0)
j = Φ
(0)
j , Λ
(0)
j = Ψ
(0)
j on Γ1, (47)
and
Π
(1)
j = Φ
(1)
j , Λ
(1)
j = Ψ
(1)
j on Γ1, (48)
where we have used the notations
Φ(0)α = P˜α + 2nρ(m3ρα +M3ρα +
4∑
k=1
bkµ
(k)
3ρα)−
− 2εαρ3nρ[(2α4 − α5)b4 + f(b1x1 + b2x2 + b3)]−H
(0)
α ,
Φ
(0)
3 = P˜3 + 2nρ[mρ33 +Mρ33 +
1
2
(2α2 − α1 + 4α4)bρ −
1
2
fb4xρ+
+
4∑
k=1
bkµ
(k)
ρ33]−H
(0)
3 ,
Φ(1)α = 2nρ{ερα3[(2α4 − α5)c4 + f(c1x1 + c2x2 + c3)]+
+
4∑
k=1
ckµ
(k)
ρ3α} −H
(1)
α , (49)
Φ
(1)
3 = 2nρ[
1
2
(2α2 − α1 + 4α4)cρ −
1
2
fc4xρ+
+
4∑
k=1
ckµ
(k)
ρ33]−H
(1)
3 ,
Ψ
(0)
j = R˜j − L
(0)
j , Ψ
(1)
j = −L
(1)
j .
Let us denote by (A0) the generalized plane strain problem defined by the
geometrical equations (32), the constitutive equations (35), the equilibrium
equations (43) and the boundary conditions (47). We denote by (A1) the
generalized plane strain problem characterized by the equations (33), (36),
(44) on Σ, and the boundary conditions (48). The necessary and sufficient
conditions to solve the problem (A1) are
∫
Σ1
G
(1)
j da+
∫
Γ1
Φ
(1)
j ds = 0,
∫
Σ1
ε3αβxαG
(1)
β da+
∫
Γ1
ε3αβ(xαΦβ+nαΨ
(1)
β )ds = 0.
(50)
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By using the divergence theorem we find that
∫
Σ1
(Sβj,β −Mρηj,ρη)da+
∫
Γ
H
(1)
j ds = 0,∫
Σ1
ε3αβxα(Sρβ,ρ −Mνηβ,νη)da+
∫
Γ1
ε3αβ(xαH
(1)
β + nαL
(1)
β )ds = 0.
In view of (37), (39), (42) and (49) we obtain
∫
Σ1
G(1)α da+
∫
Γ1
Φ(1)α ds =
∫
Σ1
τα3,33da. (51)
With the help of the equilibrium equations we can write
τα3 = τα3 + xα(τj3,j − µrs3,rs + F3) =
= τα3 + xα(τβ3,β − µβν3,βν + τ33,3 − 2µ3β3,3β − µ333,33 + F3) = (52)
= [xα(τβ3 − µβν3,ν)],β + µαν3,ν + xα(τ33,3 − µ333,33 − 2µ3β3,3β + F3).
It is easy to show that
(Dknk)nsnpnβµspi −Dj(nrµrji) = [(µpjinpnr − µprinpnj),r]nj .
Thus, the conditions P3 = P˜3 on Π can be written in the form
[τβ3 − µβν3,ν + (µρβ3nρnη − µρη3nρnβ),η−
− (µρ33nρnβ),3 − µ3β3,3]nβ = P˜3 on Π. (53)
It follows from (52) and (53) that
∫
Σ
τα3da=
∫
Σ
xαF3da+
∫
Γ1
xαP˜3ds+
∫
Γ1
xα{(µρν3nρnβ − µρβ3nρnν),ν ]nβ+
+ 2µρ33,3nρ}ds+
∫
Σ
[µαν,ν + xα(τ33,3 − µ333,33 − 2µ3α3,3α)]da. (54)
If we use the relation∫
Σ
xα[(µρν3nρnβ − µρβ3nρnν),ν]nβds =
∫
Γ1
nαR˜3ds−
∫
Σ
µαν3,νda,
then (54) takes the form
∫
Σ
τα3da =
∫
Σ
xαF3da+
∫
Γ1
(xαP˜3+nαR˜3)ds+
∫
Σ
[xα(τ33,3−µ333,33)+2µα33,3]da.
(55)
Since the functions τij and µpqr are polynomials of degree two in the axial
coordinate, from (13) and (55) we find that
∫
Σ
τα3,33da = 0. (56)
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The relations (37) and (56) imply
∫
Σ
(µc4ε3βαxβ + 2fεαρ3cρ +
4∑
k=1
ckτ
(k)
α3 )da = 0. (57)
It follows from (51) and (56) that the first two conditions from (50) are satis-
fied. We introduce the notations
Dαk =
∫
Σ
(xαpi
(k)
33 + 2q
(k)
α33 − q
(k)
33α)da, D3k =
∫
Σ
pi
(k)
33 da,
D4k =
∫
Σ
ε3αβ(xαpi
(k)
3β + 2q
(k)
α3β)da, (58)
where
pi
(α)
33 = λµ
(α)
ρ,ρ + (λ+ 2µ)xα, pi
(3)
33 = λu
(3)
ρ,ρ + λ+ 2µ,
pi
(4)
33 = λu
(4)
ρ,ρ + 4f, pi
(α)
3β = τ
(α)
β3 + 2fε3βρcρ,
pi
(3)
3β = τ
(3)
β3 , pi
(4)
3β = τ
(4)
β3 + µερβ3xρ,
q
(j)
α33 =
1
2
(2α2 − α1 + 4α4)δjα + µ
(j)
α33, (j = 1, 2, 3),
q
(4)
α33 = −
1
2
fxα + µ
(4)
α33, (59)
q
(j)
33α = (α1 − 2α3 − 2α4 + 2α5)δjα + µ
(j)
33α,
q
(4)
33α = fxα + µ
(4)
33α, q
(ρ)
α3β = ε3αβfxρ + µ
(ρ)
α3β ,
q
(3)
α3β = ε3αβf + µ
(3)
α3β , q
(4)
α3β = ε3αβ(2α4 − α5) + µ
(4)
α3,β.
The constants Drs, (r, s = 1, 2, 3, 4), can be determined after the solving of the
generalized plane strain problem A(k), (k = 1, 2, 3, 4). From (42), (49), (51)
and the divergence theorem we get
∫
Σ1
G
(1)
3 da+
∫
Γ1
Φ
(1)
3 da =
4∑
k=1
D3kck, (60)
∫
Σ1
ε3αβxαG
(1)
β da+
∫
Γ1
ε3αβ(xαΦ
(1)
β + nαΨ
(1)
β )ds =
4∑
k=1
D4kck.
Thus, the remaining conditions from (50) reduce to
4∑
k=1
D3kck = 0,
4∑
k=1
D4kck = 0. (61)
Let us study now the problem (A0). The necessary and sufficient conditions
to solve this problem are∫
Σ1
G
(0)
j da+
∫
Γ1
Φ
(0)
j ds = 0,
∫
Σ1
ε3αβxαG
(0)
β da+
∫
Γ1
ε3αβ(xαΦ
(1)
β +nαΨ
(1)
β )ds = 0.
(62)
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In view of (37) and (57) we obtain
∫
Σ
τα3,3da =
∫
Σ1
(sα3 + 2fεαρ3bρ + µε3βαb4xβ +
4∑
k=1
bkτ
(k)
α3 + Sα3)da. (63)
It follows from (37), (39), (41) and (49) that
∫
Σ1
G(0)α da+
∫
Γ1
Φ(0)α ds =
∫
Σ1
Fαda+
∫
Γ1
P˜αds+
∫
Σ1
(τα3,3 − µ33α,33)da. (64)
With the help of (55) we get
∫
Σ1
τα3,3da =
∫
Σ1
[xα(τ33,33 − µ333,333) + 2µα33,33]da. (65)
By (31), (39), (58) and (65) we obtain
∫
Σ1
(τα3,3 − µ33α,33)da =
4∑
k=1
Dαkck. (66)
In view of (64) and (66), the first two conditions from (62) become
4∑
k=1
Dαkck = −
∫
Σ1
Fαda−
∫
Γ1
P˜αds. (67)
The positive definiteness of the elastic potential and the reciprocal theorem
imply (Ies¸an, 2013)
det(Drs) 6= 0, Drs = Dsr. (68)
The system (61), (67) uniquely determines the constants cs, (s = 1, 2, 3, 4).
As the conditions (50) are satisfied we shall assume that the functions vk are
known. From (41), (49) and (51) we get
∫
Σ1
G
(0)
3 da+
∫
Γ1
Φ
(0)
3 ds =
∫
Σ1
F3da+
∫
Γ1
P˜3ds+
4∑
k=1
D3kbk+
+
∫
Σ1
[s33 − (α1 + 2α3)
4∑
k=1
ckκ
(k)
333 + S33]da,∫
Σ1
ε3αβxαG
(0)
β da+
∫
Γ1
ε3αβ(xαΦ
(0)
β + nαΨ
(0)
β )ds = (69)
=
∫
Σ1
ε3αβxαFβda+
∫
Γ1
ε3αβ(xαP˜β + nαR˜β)ds+
4∑
k=1
D4kbk+
+
∫
Σ1
ε3αβxα[sβ3 −
4∑
k=1
ckµ
(k)
33β − (α1 − 2α3 − 2α4 + 2α5)cβ − fc4xβ + Sβ3]da.
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In view of (69) we find that the last two conditions from (62) become
4∑
k=1
D3kbk = −
∫
Σ1
F3ds−
∫
Γ1
P˜3ds−
∫
Σ1
[s33 − (α1 + 2α3)
4∑
k=1
ckκ
(k)
333 + S33]da,
4∑
k=1
D4kbk = −
∫
Σ1
ε3αβxαFβda−
∫
Γ1
ε3αβ(xαP˜β + nαR˜β)ds− (70)
−
∫
Σ1
ε3αβxα[sβ3 − (α1 − 2α3 − 2α4 + 2α5)cβ − fc4xβ + Sβ3 −
4∑
k=1
ckµ
(k)
33β]da.
Let us investigate now the conditions (9). It follows from (4) that
Pi = −τ3i + 2µα3i,α + µ33i,3, Ri = µ33i on Σ1,
Qi = −2µα3inα on Γ1.
Thus we have ∫
Σ1
Pαda+
∫
Γ1
Qα =
∫
Σ1
(τ3α − µ33α,3)da.
If we use the relations (55) then we obtain
∫
Σ1
Pαda+
∫
Γ1
Qαds = −
∫
Σ1
xαF3da−
∫
Γ1
(xαP˜3 + nαR˜3)ds−
−
∫
Σ1
[xα(τ33,3 − µ333,33) + 2µα33,3 − µ33α,3]da.
With the help of (31), (39) and (51) we find that for x3 = 0 we have
∫
Σ1
Pαda+
∫
Γ1
Qαds = −
∫
Σ1
xαF3da−
∫
Γ1
(xαP˜3 + nαR˜3)ds−
4∑
k=1
Dαkbk−
−
∫
Σ1
{xα[s33 + S33 − (α1 + 2α3)
4∑
k=1
ckκ
(k)
333] + 2(mα33 +Mα33)−m33α −M33α}da.
Thus, the conditions (9) become
4∑
k=1
Dαkbk = −Fα −
∫
Σ1
xαF3da−
∫
Γ1
(xαP˜3 + nαR˜3)ds−
−
∫
Σ1
{xα[s33 + S33 − (α1 + 2α3)
4∑
k=1
ckκ
(k)
333]+ (71)
+ 2(mα33 +Mα33)−m33α −M33α}da.
In view of (68), the system (70), (71) uniquely determines the constants bk,
(k = 1, 2, 3, 4). Since the conditions (62) are satisfied we can assume that the
functions wk are known. Let us note that on the end located at x3 = 0 we
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have∫
Σ1
P3da+
∫
Γ1
Q3ds = −
∫
Σ1
(τ33 − µ333,3)da,∫
Σ1
(xαP3 +Rα)da+
∫
Γ1
xαQ3ds = −
∫
Σ1
[xα(τ33 − µ333,3) + 2µα33 − µ33α]da,∫
Σ1
εαβ3xαPβda+
∫
Γ1
εαβ3xαQβds =
∫
Σ1
[εαβ3xα(µ33β,3 − τ33)− 2εαβ3µa3β ]da.
It follows from (37), (39) and (51) that
∫
Σ1
P3da+
∫
Γ1
Q3ds = −
4∑
k=1
D3kak −F
∗
3 ,
∫
Σ1
(xαP3 +Rα)da+
∫
Γ1
xαQ3ds = −
4∑
k=1
Dαkak − ε3αβM
∗
β, (72)
∫
Σ1
εαβ3xαPβda+
∫
Γ1
εαβ3xαQβds = −
4∑
k=1
D4kak −M
∗
3,
where
F∗3 =
∫
Σ1
[t33 + T33 −m333 −M333 − (α1 + 2α3)
4∑
k=1
bkκ
(k)
333]da,
M∗α = ε3αβ
∫
Σ1
{xβ [t33 + T33 −m333 −M333−
− (α1 + 2α3)
4∑
k=1
bkκ
(k)
333] + 2νβ33 + 2Nβ33 − ν33β −N33β}da, (73)
M∗3 =
∫
Σ1
{εαβ3xα[tβ3 + Tβ3 −m33β −M33β − (α1 − 2α3 − 2α4 + 2α5)bβ−
− fb4xβ −
4∑
k=1
bkµ
(k)
33β] + 2εαβ3(να3β +Nα3β)}da.
In view of (72) the conditions (10)-(12) reduce to
4∑
k=1
Dαkak = ε3αβ(Mβ +M
∗
β), (74)
4∑
k=1
D3kak = −F3 − F
∗
3 ,
4∑
k=1
D4kak = −M3 −M
∗
3.
The system (74) uniquely determines the constants aj , (j = 1, 2, 3, 4).
Thus, the solution of the problem is given by (31). The unknown functions and
unknown constants shall be determined in the following order. First, we find
the solutions of the two-dimensional problems A(k), (k = 1, 2, 3, 4). Then, we
determine the constants Drs from (58) and the constants ck from the system
(61), (67). Next we determine the solution of the problem (A1). From the sys-
tem (70), (71) we can calculate the constants b1, b2, b3 and b4. As the functions
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G
(0)
j ,Φ
(0)
j and Ψ
(0)
j are known, we can solve the problem (A0). Finally, from
(74) we determine the constants a1, a2, a3 and a4.
Remarks. 1) If Fα = 0 and P˜α = 0, then from (61) and (67) we find that
ck = 0, (k = 1, 2, 3, 4). By (38) and (40) we get Sij = 0, Mijk = 0. From (41)
and (49) we obtain G
(1)
j = 0, Φ
(1)
j = 0, Ψ
(1)
j = 0 so that vi = 0, sij = 0 and
mijk = 0. It follows from (70), (71) and (74) that the loads F3, P˜3 and R˜j
produce extension, torsion, bending, flexure and a plane deformation.
2) If Fj = 0, P˜j = 0 and R˜j = 0 then we obtain the solution of Saint-Venant’s
problem. We note that, in contrast with the classical elasticity, the flexure of
chiral bars produces extension and bending effects.
5 Deformation of a circular cylinder subjected to a lateral pressure
In this section we use the method presented in Section 4 to investigate the
deformation of a circular cylinder subjected to a constant pressure. Let us
assume that the cylinder B is defined by B = {x : x21 + x
2
2 < a
2, 0 < x3 < h},
a > 0. We suppose that the cylinder is subjected to the following loads
Fj = 0, P˜α = −Pnα, P˜3 = 0, R˜j = 0, Fj = 0, Mj = 0, (75)
where P is a given positive constant. It is easy to see that the conditions (7)
for the existence of a solution are satisfied. In this case we have∫
Σ1
Fαda+
∫
Γ1
P˜αds = 0,
so that the system (61), (67) implies that ck = 0, (k = 1, 2, 3, 4). From (38),
(40), (41) and (49) we find Sij = 0, Mijk = 0, G
(1)
j = 0, Φ
(1)
j = 0, Ψ
(1)
j = 0. We
conclude that the solution of the problem (A1) is vj , so that sij = 0, mijk = 0.
It follows from (70) and (71) that bk = 0, (k = 1, 2, 3, 4). Thus, to find the
solution (31) we have to determine the functions wj , to solve the auxiliary
two-dimensional problems A(k), (k = 1, 2, 3, 4), and to calculate the constants
ak. In what follows we shall use the notation r = (x
2
1 + x
2
2)
1/2. Clearly, on the
boundary of Σ we have r = a and nα = xα/a. Let us study the problem (A0).
From (38), (40), (41), (46), (49) and (75) we find that
G
(0)
j = 0, Φ
(0)
α = −Pnα, Φ
(0)
3 = 0,Ψ
(0)
j = 0. (76)
We seek the solution of the problem (A0) in the form
wα = xαU(r), w3 = 0, on Σ1, (77)
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where U is an unknown function. We note that
wα,β = δαβU + xαxβr
−1U ′, wα,βν = xαxβxνr
−2U ′′−
− r−3xαxβxνU
′ + r−1U ′(δαβxν + δανxβ + δβνxα), (78)
wρ,ρα = xα(U
′′ + 3r−1U ′) = ∆wα,
where U ′ = dU/dr, U ′′ = d2U/dr2. The equations of equilibrium (20) reduce
to
(
d2
dr2
+ 3r−1
d
dr
)(
d2
dr2
+ 3r−1
d
dr
− l21)U = 0, (79)
where l21 = [2(α1 + α2 + α3 + α4 + α5)/(λ + 2µ)]
1/2. The solution which is
bounded in origin is given by
U = C1 + C2I1(r/l1), (80)
where C1 and C2 are arbitrary constants, and I1 is the modified Bessel function
of the first kind and order one. Let us investigate the boundary conditions (47).
From (32), (35), (45) and (78) we find that on the boundary of Σ we have
Λ(0)α = 2xα[(α1 + α2 + α3 + α4 + α5)U
′′ + (3α1 + 3α2 + 3α3+
+ 2α4 + 2α5)a
−1U ′], Λ
(0)
3 = 0.
The conditions Λ
(0)
j = 0 on Γ1 are satisfied if C2 = 0. In view of (32), (35),
(46), (77) and (78) we get
Π(0)α = 2C1(λ+ 2µ)nα, Π
(0)
3 = 0 on Γ1. (81)
It follows from (76) and (81) that the conditions (47) on Γ1 are satisfied if
C1 = −
P
2(λ+ 2µ)
. (82)
In this case, from (73) we obtain
F∗3 = −pia
2λP/(λ+ µ), M∗α = 0, M
∗
3 = 2pifa
2P/(λ+ µ). (83)
The method used to solve the problem (A0) can be applied to derive the
solutions to the problems A(3) and A(4). Thus, we find that the solutions of
these problems are
u(3)α = −λxα/[2(λ+ µ)], u
(3)
3 = 0, u
(4)
α = fxα/(λ+ µ), u
(4)
3 = 0. (84)
It follows from (84), (59) and (58) that
Dα3 = Dα4 = 0, D33 = pia
2µ(3λ+ 2µ)/(λ+ µ),
D34 = D43 = 2pia
2f(3λ+ 2µ)/(λ+ µ), (85)
D44 =
1
2
pia4µ+ 4(2α4 − α5 −
f 2
λ+ µ
)pia2.
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From (68) and (85) we obtain D3α = 0 and D4α = 0. In view of (75) and (83),
the system (74) becomes
Dαρaρ = 0, D33a3 +D34a4 = −F
∗
3 , D43a3 +D44a4 = −M
∗
3. (86)
We obtain
a1 = a2 = 0, a3 = (D34M
∗
3 −D44F
∗
3 )/δ, a4 = (D34F
∗
3 −D33M
∗
3)/δ, (87)
where δ = D33D44−D
2
34. We conclude from (31), (77), (84) and (86) that the
solution of the problem is
uα = ε3βαa4xβx3 +
1
2(λ+ µ)
(2fa4 − λa3)xα −
Pxα
2(λ+ µ)
, u3 = a3x3. (88)
The lateral pressure P generates an extension, a torsion and a plane deforma-
tion. In contrast with the case of achiral cylinders, a constant pressure acting
on the lateral surface of a chiral circular cylinder produces a twist around its
axis.
The cartesian coordinate frame consists of the orthonormal basis (e1, e2, e3)
and the origin O. The displacement vector u from (88) has the form
u = u∗ + u(p) + u(a), u∗ = a4(x1e2 − x2e1)x3, u
(p) = Kxαeα, u
(a) = a3x3e3,
(89)
where
K =
1
2(λ+ µ)
(2fa4 − λa3 − P ). (90)
The vector u∗ represents a rotation about x3-axis of constant magnitude a4
radians per unit length. The vector u(p) is a plane displacement parallel to
x1Ox2-plane, and u
(a) is an axial displacement.
It follows from (83) and (87) that the constants a3 and a4 can be expressed
in the form
a3 = Pk3, a4 = −fPk4, (91)
where
k3 =
pia2
(λ+ µ)δ
(2f 2D∗34 + λD44), D
∗
34 =
2pia2(3λ+ 2µ)
λ+ µ
,
k4 =
pia2
δ(λ+ µ)
(λD∗34 + 2D33). (92)
In the case of a chiral material the solution contains new terms correspond-
ing to the material parameter f . Let us assume that the chiral parameter f
changes the sign. From (85)-(92) we see that D33, D44, D
∗
3, δ, k3, k4, K and a3
are invariant to this transformation. The coefficient a4 given by (91) changes
the sign. The presence of the chiral parameter f discriminates between the
two directions of rotation. In the case of an achiral material we have a4 = 0.
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Let xi be the coordinates of the point X in the reference configuration B,
and let yj be the coordinates of the corresponding point Y in the deformed
configuration. From (88) and (89) we obtain
yα = (1 +K)xα + a4ε3βαxβx3, y3 = (1 + a3)x2. (93)
We note that
y21 + y
2
2 = [(1 +K)
2 + a24x
2
3](x
2
1 + x
2
2).
Let us consider the circle (L) of radius ρ, located at the plane x3 = k in the
reference state, where ρ and k are positive constants. We see that the image
of (L) in the deformed configuration is the circle
y21 + y
2
2 = [(1 +K)
2 + a24k
2]ρ2, y3 = (1 + a3)k.
Thus, the image of the circle of radius a, located in the plane x3 = c, is a
circle of radius R(c), located in the plane y3 = (1 + a3)c, where
R(c) = a[(1 +K)2 + a24c
2]1/2. (94)
The variation of radius R(c) with respect to the variable c is given in Fig. 1.
The material parameters used are λ = 7000, µ = 3000, αj = 0, α4 = α5 =
0, 002 and f = 2 (cf. Papanicolopulos, 2011). We assumed that a = 0, 04,
h = 0, 5 and P = 100.
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Fig. 1. Variation of R(c)
The solutions (84) to the problems A(3) and A(4) can be used to study other
deformations of the circular cylinder. Let us consider first the problem of
extension. In this case the body forces are absent (Fj = 0) and the lateral
surface is free of tractions (P˜i = 0 and R˜i = 0). The cylinder is subjected to
an axial force so that Fα = 0 and Mj = 0. Let F3 = −F, where F is a given
positive constant. In this case the resultant force of the traction acting on the
end located at x3 = h is Fe3. From (61), (67), (70) and (71) we obtain ck = 0,
bk = 0, (k = 1, 2, 3, 4), so that the functions wj and vj which appear in (31)
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are equal to zero. In this case we have F∗j = 0, M
∗
j = 0 and the system (74)
reduces to
Dαβaβ = 0, D33a3 +D34a4 = F, D34a3 +D44a4 = 0.
Thus, we obtain
aα = 0, a3 = D44F/δ, a4 = −D34F/δ. (95)
It follows from (31), (84) and (95) that the coordinates yi of the point Y from
the deformed configuration are given by
yα = [1 +
1
2(λ+ µ)
(2fa4 − λa3)]xα + a4ε3βαxβx3, y3 = (1 + a3)x3. (96)
We note that the point O is fixed and that the end Σ2 is subjected to the
axial force Fe3. The point X0 which prior to deformation, had the coordinates
(0, 0, h), goes into point (0, 0, h1) from the deformed configuration, where
h1 = (1 + a3)h.
In contrast with the case of an achiral material, an axial force acting on a
chiral cylinder produces a torsional effect.
From (96) we obtain the following form of displacement vector in cylindrical
coordinates
ur =
1
2(λ+ µ)
(2fa4 − λa3)r, uθ = a4rz, uz = a3z. (97)
The variation of the radial displacement with respect to the cylindrical coor-
dinate r is presented in Fig. 2. The material parameters are the same as in
the previous example and we assumed that F = −e3. The applicability of the
results to specific structures requires extensive experimental verification.
Let us consider now the problem of torsion of a chiral circular cylinder. The
solution to this problem can be obtained from (31) if we take into account the
following conditions which characterize the torsion
Fi = 0, P˜i = 0, R˜i = 0,Fi = 0, Mα = 0,M3 6= 0. (98)
It is easy to see that bk = ck = 0, (k = 1, 2, 3, 4), and that the solutions of
the problems (A0) and (A1) are equal to zero. From (73) we find F
∗
j = 0 and
M∗j = 0. The system (74) reduces to
Dαβaβ = 0, D33a3 +D34a4 = 0, D34a3 +D44a4 = −M3,
so that
a1 = 0, a2 = 0, a3 =
D34
δ
M3, a4 = −
D33
δ
M3. (99)
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Fig. 2. Radial displacement dependence of r
From (31), (84) and (99) we obtain the displacement vector in the form
uα = a4ε3βαxβx3 +Hxα, u3 = a3x3,
where
H = (2fa4 − λa3)/2(λ+ µ).
We conclude that the torsion of a chiral cylinder generates a rotation about x3-
axis of constant magnitude a4 radians per unit length, an axial displacement,
and a radial deformation. In the case of an achiral material (f = 0) we have
D34 = 0 and δ = D33D
0
44 so that we obtain
a3 = 0, a4 = a
0
4 = −
1
D044
M3, H = 0,
where
D044 =
1
2
pia4µ+ 4(2α4 − α5)pia
2.
Thus we obtain the following solution of torsion problem established by Lard-
ner (1971) in the case of achiral materials
uα = a
0
4ε3βαxβx3, u3 = 0.
We note that, in contrast with the case of achiral materials, the torsion of a
chiral cylinder produces an axial displacement.
In the context of the gradient elasticity of achiral materials, the deformation of
circular cylinders has been studied in various papers (Lardner, 1971; Lomakin,
1987, Kahrobaiyan et al., 2011 and references therein). The gradient elasticity
proposed by Altan and Aifantis (1997) has been used by Sadeghi et al. (2012)
to investigate the behaviour of functionally graded micro-cylinders.
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6 Conclusions
The result presented in this paper can be summarized as follows:
(a) In the context of the strain gradient theory of elasticity we study the
deformation of a chiral cylinder subjected to body forces, to tractions on
the lateral surface and to resultant forces and moments on the ends. The
three-dimensional problem is reduced to the study of some two-dimensional
problems.
(b) The body forces and the tractions on the lateral surface produce extension,
flexure, torsion, bending by terminal couples and a plane strain.
(c) As a special case of the problem we obtain the solution of the problem
of flexure by a transversal force. In contrast with the case of achiral solids,
the flexure of a chiral cylinder of arbitrary cross-section is accompanied by
extension and bending by terminal couples.
(d) We use the method to study the deformation of a right circular cylinder
subjected to a constant pressure on the lateral surface.
(e) We show that a uniform pressure on the lateral surface of a chiral circular
cylinder does not produce bending effects.
(f) The salient feature of the solution is that a constant pressure acting on the
lateral surface of a chiral circular cylinder produces a twist around its axis.
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